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THE FREE BOUNDARY
FOR ELASTIC-PLASTIC TORSION PROBLEMS!
BY
AVNER FRIEDMAN AND GIANNI A. POZZI

ABSTRACT. Consider the variational inequality: Find 4 € K such that { ,Vu- V(v
—u)> pfo(v—u)(p>0)forany v € K, where K = {w € HYQ); |Vw| < 1}
and Q is a 2-dimensional simply connected domain in R? with piecewise C3
boundary. The solution u represents the stress function in a torsion problem of an
elastic-plastic bar with cross section Q. The sets E = {x € Q; |Vu(x)| < 1},
P = {x € Q; |[Vu(x)| = 1} are the elastic and plastic sets respectively. The purpose
of this paper is to study the free boundary 9E N Q; more specifically, an estimate
is derived on the number of points of local maximum of the free boundary.

0. Introduction. Consider the variational inequality described in the abstract, and
denote by V; the vertices of 3Q, i.e. the points where 3Q is not C>. If 9Q makes a
turn > 7 as V, is crossed then V; is called a reentrant corner; otherwise it is a
nonreentrant corner.

Let A be a line segment lying on 9Q, say on x, =_0. Denote by d, the
x,-derivative of the distance function d(x) to dQ, x € Q, and assume that the
number of changes of sign from plus to minus of d, along 9Q \A is a finite
number k. It is known [4] that the plastic set is connected to dQ and, in fact, it is

made up of “loops”

(% €0; d(%, Q) = d(%, (s)) < h(s),s € =, }
where =, are arcs along 0Q, dQ is given by x = f(s), and f(s) is the unique nearest
point on 3Q to X. By [3], the number of =, in A with mutually disjoint interior is
finite. Denote by N, the number of points of local maximum of k(s), s € ;.
In this paper it is proved that
> N, <k (0.1)
mCA
In Part I we prove this result in case all the vertices ¥, are nonreentrant corners. In
Part II the general case is considered; it is also proved that a similar formula holds
for the curve r = p(0) representing the free boundary which is based on the
reentrant corner V; (see [4]), i.e.

M, <k (02)

where M, is the number of points of local maximum of p,(#) and k; is the number
of changes of sign from plus to minus of 9d/98 along 9Q \ V.
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The method for proving (0.1), (0.2) is based on analysis of the level curves
du/dx, = 0 and u, = O, respectively, in the elastic set. This study is carried out in
§3.

PART I. NO REENTRANT CORNERS

1. Preliminaries. Consider the variational inequality: find # such that
f Vu- V(o — u) dx >p.f (v—u)dx VveEK ueck (L)
Q 1Y

where Q is a bounded simply connected domain in R? and KX is the convex set
K={ve Wy Q);|Vo| < lae.}. (1.2)

We recall [2] that the solution u coincides with the solution of the variational
inequality (1.1) with K replaced by the convex set K|, given by

Ky={v € Wg*Q);v<d} (1.3)

where d = d(x) = distance from x to dQ. Further, by [5] (also by the method of
(1) u € WE2(@).

For any x° € 3Q, if 3Q is in C? in a neighborhood of x° then d(x) is in C? in
some Q-neighborhood of x°. By the W theory for variational inequalities with C2
constraint it follows that u is in W in some Q-neighborhood N of x° for any
p < . (Actually u is in W2*®(N); this can be proved by extending the method of
[1] (oral communication from H. Brezis), but it will not be needed here.)

The sets

E={x€ Q;|Vu(x)|< 1}, P={x€Q;|Vu(x)|=1}

are called respectively the elastic and plastic subsets of Q.
We shall assume:
90 consists of C? disjoint arcs S, . . ., S, such that the
terminal endpoint V; of S; coincides with the initial (14)
endpointof S;,, (1<i<7; §,,, =8,).

We denote by «; the angle formed at V; by S, and S, ,, which opens into Q. If
a; > m we call V, a reentrant corner and, if o; > m, a strict reentrant corner; if
a; < m, V, is called a nonreentrant corner.

A point x° € Q is said to belong to the ridge R if, for any neighborhood N of x?,
d(x) is not in W>®(N). We recall [3] that

En Q= {x€Q;u(x)<d(x)}; (1.5)

PN Q={x€Q;u(x)=d(x)}; (1.6)
every nonreentrant corner has a §-neighborhood G; (17
such that G5 N Q is elastic; )

R CE. (1.8)
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The last fact implies that
if x> € P N Q then there is a unique point y° € 9Q

(1.9)
such that d(x°) = |x° — y9;
further (see [8]; also [3])
the entire interval x_‘Bz3 is plastic. (1.10)
We introduce the length parameter s along 9Q, 0 < s < L, so that s = 0 and
s = L correspond to the vertex V,, and as s increases the curves S, S,, ... are

traced in this order. We can represent 9Q in the form x = f(s) (0 < s < L) where
x = (x,, X5), f = (f}, f); let 5; be the value of s for which f(s;) = V,, 1 <i <7, and
Wl'ite SO = 0, Vo = V,r.

At each point f(s), s # s;, denote by »(s) the unit inner normal to 3Q at f(s), and
consider the ray

x=f(s) +v(s)p  (p>0).

The following facts follow from [3, §2].

Let s # 5;. For any p, > 0, if for each 0 < p < p,, the point f(s) + »(s)p has a
unique nearest point to 8Q, then this nearest point (does not depend on p and it) is
precisely the point f(s); further, the interval /, = { f(s) + »(s)p, 0 < p < p,} does
not intersect the ridge.

Suppose next that f(s) + »(s)p, has more than one nearest point to 3Q, and let
py(s) = inf p, for all p, with this property. Then the point f(s) + »(s)p,(s) is in the
ridge and it is thus in E.

In Part I we assume that

all the V; are nonreentrant corners. (1.11)
It will be convenient to define »(s;) as a fixed unit vector at ¥; pointing into Q.
From (1.7), (1.9), (1.10) it then follows that
PN Q={f(s)+r(s)p,0<p<h(s)s_ <s<s,1<i<t} (L12)

where 0 < A(s) < p,(s); h(s) = 0in a neighborhood of each s;.

By [4], if A(s®) > O then h is in C**# (or analytic) in a neighborhood of s° if 3Q
is C¥*# (or analytic) in a neighborhood of f(s°; 0 < 8 < 1. These properties imply
the continuity of h(s) for all s.

It follows that there exist a countable number of disjoint intervals {a; < s < 8}
such that A(s) > 0if and only if a; < s < ; for some j. Hence

Pno=U(FEnQ) (1.13)
where
P ={f(s)+ »(s)p,0 < p <h(s); o <5 < B}. (1.19)

Each P, is called a plastic loop (or briefly a loop) with base { f(s), oy < s < B;}; if
the base belongs to some arc g, 0 C 9Q, then we also say that P, is based on o. The
following fact is proved in [3] (without assuming (1.11)).
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If S; is a line segment then there are only a finite

number of loops based on S;. (1.15)

The purpose of Part I is to obtain an estimate on the number of loops based on
S;, under the assumption (1.11).
2. Statement of the main result. We choose our notation so that A = S|, and
A= {(x,0);0<x, <b}, Vo= (b,0), V,=(0,0);

wesety=S,U - - - US, so that y is given by x = f(s), s, <s < L. Note that A
is also given by x = f(s), 0 < s < s, where b = s,, fi(s) = b — 5, fy(s) =0. We
assume that a Q-neighborhood of A lies in x, > 0, i.e. moving along dQ with
increasing s, the domain Q is on the right.

The distance function d(x) is differentiable along x = f(s), s # s;. Set

dy(s) =§—;‘l(f(s» ifs #3,

d(s;) = (ad/axl)(f(si +0)) (1<i<n).
We shall assume that

the set {s; d,(s) = 0,0 < s < L} consists of a finite
number of points 4, and intervals J,.

@2.1)

It follows that d;(s) changes sign (from positive to negative or vice versa) a finite
number of times. Set

k = number of times d,(s) changes sign from positive to

2.2
negative values as s increases from s = 5, tos = L. (22)
Denote by Py, . . ., P,, the loops based on A. Then

P, = {(x1 x,); 0 < x, < p(x)), 4, < x < b;}

where we take 0 < a, < b, <a,<b, < ... <a, <b, <b. The function ¢(x,) is
positive and analytic in each interval g; < x; < b;; it is continuous and equal to
zero at x; = a;, x, = b, We extend it by zero to the entire interval 0 < x; < b.

Set

P»=1J P, 3P*=boundary of P,
j=1
Ap = 3P N 3Q (the plastic part of A),
Az = A\ A, (the elastic part of A),
3oP* = 3P*\ A\, (the free boundary of the loops based on A).

Similarly we define, for the plastic loops P,,, , P42 - - - basedony,
P*=|J P, dP" = boundary of P?,
Jj>m

vp = 0PY N 3Q (the plastic part of y),
ve = v\ 7vp (the elastic part of y),
3,PY = 0P\ yp (the free boundary of the loops based on y).



ELASTIC-PLASTIC TORSION PROBLEMS 415

Notice that 3,P* = 9P* N Q, 3,PY = 9P* N Q. Set
Ao = Az U 9,P*, (23)
Yo = e U 3P (24)
These sets are given by f(s) + »(s)h(s) with 0 < s < s, and s, < s < L, respec-
tively.

Let 8(s) be a positive valued continuous function for 0 < s < L such that
8(s;) = 0 for all i. For any ¢ positive and sufficiently small, the curve f(s) +
v(s)(h(s) + €8(s)) is continuous and without self-intersections, and it liesin E N Q
(sufficiently close to the curve f(s) + »(s)h(s)). Since any point in £ N Q can be
connected to this curve by an arcin E N Q, the set E N Q is connected.

Since every point of P can be connected to dQ by a line segment lying in P,
E N Q is also simply connected.

Notice that

YoUX =3(E N Q). (25)
The curve A, is also given by
x,=¢(x), 0<x,<b
with @(x,) the function introduced above.

In each interval g; < x; < b; (1 < j < m), ¢(x) has a certain number N; of points
where it achieves a local maximum (the local maximum is a local strict maximum,
since ¢ is analytic).

We can now state the main result of Part I.

THEOREM 2.1. Each N, is a finite number and

§ N, < k. (2.6)

j=1
This result immediately yields:

COROLLARY 2.2. The total number of loops based on A is < k; if m = k then in
each interval a; < x, < b; there is a point c; such that @(x,) is strictly increasing if
a; < x < ¢, 9(x,) is strictly decreasing if ¢; <x < b;.

COROLLARY 2.3. If Q is a convex polygon then for every side X, there is at most one
loop based on \; and, if the loop is given by f(s) + v(s)h(s), A; < s < B,, then there is
a number C;, A; < C; < B, such that h(s) is strictly increasing if A, <s < C,, h(s) is
strictly decreasing if C; < s < B,.

This corollary is a generalization of results obtained in [3] for regular polygons.

3. Auxiliary lemmas. We assume for definiteness that d,(s) > 0 if s > 5, 5§ — 5,
small and d,(s) < 0if L — s is sufficiently small; the auxiliary lemmas will be valid
without this assumption. Setting / = 2k, there is a partition

Sl = Sl,l <sl,2 <S|’3 < AR <Sl’m'
=851 <85 < 0 K8, =8, K85, < <5,

=511 <$S412 < <Sum, =L
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such that
di(s) >0 ifs); <s<s, (5;<52),
di(s) =0 ifs, <s<s3 (5,<5.3),
di(s) >0 ifs;;<s<s14 (513 <5.0),
di(s) =0 ifs <s<sy5 (514 <s15),
di(s) >0 ifs;s<s<s6 (515<5.6),

d,(s) < 0 if 32,1 <s < 322 (Sz’l < 32’2),
d.(s) =0 ifSZ’z <s < s2,3 (52’2 < 32'3),
di(s) <O ifsy; <5 <8554 (533 <54),

di(s) <O ifsy, <s<spn (g <S412)

d(s)=0 ifsl+l,2 S <8413 (Sl+1,z < 31+|,3)s

3.1)
Thus d,(s) changes sign at the points s, ,, , $3 ., - - - 5 S+ The vertices ¥, 2 <i < 7
— 1) need not necessarily coincide with points f(sj,,,y), i.e. s; may be a point in some
interval (s, s,,.)- Some of the intervals [s;, 5;;,,] where d; = 0 may consist of a
single point.
Consider the function

dy(s) = (3d/3x,)(f(s) + »(s)h(s)) 0<s<lL) (3.2)
at a point s = s° such that s° = 5, for 1 <i < 7, and
d(s) > 0. (33)

By continuity, d,(s) > 0 in some interval |s — 5% < &, Hence some Q-neighbor-
hood of f(s°) is given by

8(x;) <x; <g(x) + 8, Ixz - x;’l <$,

with x; = g(x,) being a part of 90, and f(s°) = (g(x?), xJ) = x°.

Set y° = f(s%) + v(s®)h(s®) = (59, y9). Suppose h(s®) > 0. Then x° is the nearest
point on 3Q to y° It is clear that, for any 1 positive and sufficiently small, the ray
initiating at y" = (»} — 7, y9) and in the direction y%” intersects Q at (x], xJ) =
x"and |x" — y"| < |x° — »9; in fact, since g'(x,) is a bounded function,

[x? =y <|x° =% —en  (c>0).
This implies that d(y™) < d(¥°) — cn, so that

dy(s”) = d.(»°) > c. (34)
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Since V(u — d) = 0 on the free boundary, we conclude that
u, (f(s°) + »(s°)h(s%) = d\(s°) > ¢ >0 if h(s®) > 0. (3.5)
By continuity, the relation (3.5) is satisfied also at any point s° such that
h(s°) = 0, and there exists a sequence s* such that
sk - 5% h(s*) > 0.
Suppose next that hA(s®) = 0 but (3.6) is not satisfied. Then A(s) =0 in a
neighborhood of s°. Consequently, there exists a Q-neighborhood W of x° which is
elastic. Since —Au = p > 0in W, u > 0in W, u = 0 on 3Q, the strong maximum

principle gives (3u/dv(s))(x%) > 0. Recalling (3.3) we deduce that u, (f(s°) > 0.
We have thus proved, in general, that

if d,(s°) > 0thendy(s°) > 0,  u, (f(s°) + »(s®)h(s°)) > O. (3.7)
Similarly one can show that if 4,(s®) < 0 then

d(s° <0, u, (f(s° + »(sDn(s)) <O.

Finally, if d,(s) = 0 in an open interval a < s < S, then { f(s), a <s < B8} is a line
segment parallel to the x,-axis; it follows that

dy(s) =0, u, (f(s) + v(s)h(s)) =0 ifa <s<B.

(3.6)

Set

u,(s) = %‘:( £(s) + v(s)h(s)), 0<s <L, (.8)

if s #5;; we also set u(s;) =mlu,(s). Since V; is a nonreentrant corner, Ay =
— pand u < Cd'** (a > 0) in a Q-neighborhood W; of V; (by [3]). It follows that
u € C'(W,) and h(s)) = 0; hence u,(s;) = u, (V).

Recalling (3.1), we can sum up what we have proved so far in the following
statement.

LeMMA 3.1. The assertion (3.1) holds with d\(s) replaced by J,(s) and by u(s);
Surther,

di(s) =u(s)=0 if0<s<s, (3.9

The proof of Lemma 3.1 shows that the partition, into intervals of constant sign,
corresponding to J,(s), u,(s) is actually the same partition as for d,(s) (in (3.1)).
This fact will not be needed later on.

DEFINITION. The points f(s) + »(s)h(s) for which u,(s) = 0 will be called the flat
points of the solution. The set of flat points consists of a finite number of isolated
points (called isolated flat points) and arcs (called flat intervals).

Notice that the flat intervals correspond to [0, s,] and to those intervals [s, ,, 5, 3],
[$1,4s $1,5) - - . in (3.1) where d(s) = 0 and which do not reduce to single points.

The function u, is harmonic in £ N Q and vanishes on the flat intervals of u.
Hence it has harmonic continuation across any point x° € Q of the free boundary
provided x° lies in the interior of a flat interval. Thus, in particular, u, has
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harmonic continuation across d,P*. It also has harmonic continuation across any
open line segment of 3Q N E which is parallel to the x,-axis.

At each point x° € (E N Q) U 3oP* where u, (x°) = 0, we can expand the
harmonic function , in a (28)-neighborhood of x°:

o0

u, = Ar"cosnp + 3 (A;¥ cosjp + Birsinjp) (r<28) (3.10)
Jj=n+1

where 4 # 0, n a positive integer and (r, ¢) are polar coordinates about x° It

follows that the set {x; u, (x) =0, |x — x% < 8} consists of 27 analytic arcs

r = p(9) (3.11)

initiating at x° and terminating on {x; |x — x° = 8}. We shall denote by §*(x°)
the largest possible & for which the expansion (3.10) is valid, and take § = 8*(x°).

Suppose x° € E N Q, u, (x°) = 0, and consider one of the arcs (3.11). If an
endpoint, say x!, lies in E N Q, we continue it by a different arc initiating at x'
and terminating on {x; |x — x!| = 8*(x")}. Proceeding in this way step-by-step,
we obtain a piecewise analytic curve I' passing through x° and lying in E N Q; the
construction stops as soon as I' hits 3(E N Q) (otherwise it continues). We
parametrize I' by a parameter ¢, —o0 <t < o0, and denote its equation by
x =T'(?).

Notice that I" does not have self-intersections. Indeed, otherwise (since £ N Q is
simply connected) there is a domain in E N Q whose boundary is a subset of T'.
Since u, = 0onT, u, = 0 in this domain, which is impossible.

Notice next that if I'(z,) - y° for some sequence #, —» oo (or #, > — o0) then
»° & E N Q. Indeed, the argument of the previous paragraph shows that y, & T.
Now if y° € E n Q then I'(z,), for all large n, must belong to one of the analytic
curves (3.11) about y°. But then also I'(¢), for ¢ > t,, lies on this arc, which we
denote by o. For any y € o, §*(y) > ¢ > 0. Since in each step of the construction
of T, we extend it from a point y to a point lying on |x — y| = §*(y) (unless
3(E N Q) is intersected), we get, by taking y = I'(¢,) sufficiently close to y°, that y°
lies on T'; a conradiction.

LemMa 3.2. T = lim,_,  I'(?) exists and belongs to (E N Q).
PROOF. Suppose #, — o, f, — o0, and
T(t)—>x%  T()->»%  x®#y° (3.12)

As shown above, x° and y° must belong to d(E N Q). We may assume that
t, <t, <t,,, Introduce the curves

T, ={T();¢t <t<t}

and pick a point z” on T',. We may assume, for simplicity, that z = lim z”" exists.
By the paragraph preceding Lemma 3.2 we know that z € E N Q. We also have

z & {intA;} U 9,P>. (3.13)
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Indeed, if z € int A, then u, is harmonic in a neighborhood of z. Hence the set
T={x;u,(x)=0,|x—2 <28} (forsmall§ >0)

consists of a finite number / of analytic arcs, and therefore T intersects the circle

{|x — z| = 8} a finite number of times. Since however z” — z, z” €T, and (3.12)

holds, I' enters and exits the disc {|x — z|] < 8} an infinite number of times, a

contradiction.

The same proof also shows that

z does not belong to the interior of any flat interval of «, (3.149)
so that, in particular, z & 9,P*; thus (3.13) is proved. Notice next that z cannot
belong to any point of 9P where u,(s%) # 0; it also cannot coincide with any point
S(s°) of yg for which u,(s%) # 0. Thus, in view of Lemma 3.1, z must belong to the
finite set consisting of the isolated flat points and the endpoints of the flat intervals
of u.

But by specifying z” in different positions on I',, we may achieve any finite
number of distinct limit points z. Since these points must belong to a given finite
set of points, we get a contradiction.

Lemma 3.2 extends to lim I'(f) as #t - — oo. For the sake of reference we
summarize:

LemMA 3.3. Through each point x° € E N Q where u, (x°) = O there passes a
Diecewise analytic curve T = {T'(f); — o0 <t < o0} contained in E N Q along which
u,, = 0.T has no self-intersections and

F,=1m I'(¢), T__ = lim I(?)
t— o0 t—>—0o0

exist and belong to 0(E N Q) = v, U A,

Consider a loop P; (1 < j < m); it is given by

0<x,<o(x), @<x <b.
Suppose B is a point of local maximum of ¢; then
o(x) <@(B) ifag<B—8<x <B+ 8§ < (3.15)

for some 8, > 0.

LEMMA 3.4. There is a piecewise analytic curve T’ = {I'(t), 0 < t < o0} initiating at

(B, ¢(B)) such that T(1) € E N Q for all 0 <t < o, and u, = 0 along T'; T has no
self-intersections, and T, = lim,_, , I'(¢) exists and belongs to v,

Proor. For any small § > 0,8 < §,,

u(B—8,9(B)) <d(B— 3, 9(B)) =9(B)
u(B + 8,9(B)) <d(B - 8, 9(B)) = $(B).
Hence u, (B — &8, ¢(B)) >0, u, (B + 8,, ¢(B)) <0 for some 0 <§,, §, <8§. By
continuity,
u(B—8,9(B)+e)>0, u(B+38,¢(B)+e<0
if ¢ > 0 is sufficiently small. Consequently there is a number 5,, -8, < 8: <6,
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such that

u,(B+8,9(B)+¢e)=0. (3.16)
The function u, is harmonic in a neighborhood of (B, ¢(B)) and thus has an
expansion (3.10) about this point. It follows that the set {u, = 0} in a neighbor-
hood of (B, ¢( B)) is given by 2n analytic arcs (3.11). In view of (3.16), at least one
of these arcs has a subarc initiating at ( 8, ¢( 8)), which is contained in E N Q,
except for its initial point. Continuing this subarc in E N Q, the proof of the
lemma (except for the last statement) now follows as in the case of the preceding
lemma. The fact that T, & A, follows by noting that if I' | € A, then there is a
domain in E bounded by I and a part of Ay, such that u, =0 on its boundary;
hence u, = 0, which is impossible. We use here the fact that u € C'(Q). (Notice
that in a Q-neighborhood of a vertex, Au = — yu, u < Cd'** [3], so that u €
C*", 0<r<a)

4. Proof of Theorem 2.1. Suppose first that d,(s) on (s,, L) is positive near s = s,,
negative nears = L,and k = 1.

Denote by y,(s’, s”) the portion of y, corresponding to s* < s < s”, and denote
by v,(s) the point of y, corresponding to s.

Suppose there is a curve I' as in Lemma 3.3 such that T'_ _ and I, both lie on y,.
Thus

T'_ . = vo(o), T, = Yo(02), 5 <0,<0,<L.

Denote by y, the curve obtained from vy, by replacing y(o,, 6) by I, and
parametrize I' by the parameter s, 0, <s < 0,.

Denote by E, the domain bounded by A,, v, and suppose that there exists a
curve of the type I, say '), in E,, such that ! _, T lie in v,. We modify v, into a
curve vy, obtained by replacing the part of y, from I'"_ to T, by I'. We again
parametrize I by s so that y, is parametrized by s, s, < s < L. We can repeat this
process step-by-step. Note however that the points I'__, I, cannot coincide or lie
in the same flat interval of u (otherwise u, = 0 in some domain). Similarly T'"
and T}, do not lie on an arc of y, along which u, =0, etc. Recalling Lemma 3.1
we conclude that the process of constructing the curves y; must end at some j. Thus
no curves IV (as in Lemma 3.3) which lie in the domain bounded by A, v; and
along which u, = 0, can satisfy IV, T, lie on ;.

For simplicity of notation we shall assume that

Y = Yo 4.1)
thus we shall prove the theorem under the assumption that
there is no curve as in Lemma 3.3 such that both I'_ _ and I’ lie on yo; (4.2)

the proof in case j > 0 is the same.
Consider the curve I' defined in Lemma 3.4. Let T, = y,(s%), s, <s° < L.
Denote by A, the part of A, from (0, 0) to (8, @(8)) and by Ay, the arc Ag\ Ag,.
Also, denote by D, the domain bounded by (s, 5%, Ag;, T’ and by D, the domain
bounded by y°(s°, L), A, T.
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Consider first the case where

u,(s) >0 ifs, <s <s°

u(s) <0 ifs®<s <L (4.3)

By the maximum principle,
u, >0 inD, (4.4)
u, <0 inD, (4.5)

From (4.4) it follows that (u — d),, > 0 in the subset of D, consisting of all points
x for which d(x) = x,. This inequality easily implies that

the function x, = ¢(x,) is monotone increasing for 0 < x, < B. (4.6)
Similarly, we deduce from (4.5) that
the function x, = ¢(x,) is monotone decreasing for 8 < x, < b. 4.7)

It follows that there can be at most one loop and that ¢(x,) has a unique strict
maximum. Thus the proof of the theorem is complete in this case.

Suppose next that (4.3) is not satisfied. Assume for definiteness that for some s*,
P <s*<L,

u,(s) >0 ifs, <s <s*, u(s) 20 ifs®<s <s*,
u(s) <0 ifs* <s <s*+ & for some small§ > 0,
u(s) <0 ifs* <s<L. (4.8)

Then the assertion (4.6) follows as before.

Since u,(s) changes sign along v,(s% L), there is a curve T, in D, along which
u, = 0. By (4.2), I';(— o0) and I'|(0) cannot both lie on Yo(s°% L). They also cannot
both lie in Ay,. Hence we may take I';(— ) € Ag,, T'j(00) € v4(s% L). Let o, be
defined by y,(a,) = I';(0). If 4,(s) changes sign along y,(s°, ¢") (or along yy(s', L))
then we can construct a curve I', along which u, = 0, lying in the region bounded
by I, T}, 1o(s% o) (or yo(s', L)) and a part of Ag,. For this curve,

I)(— ) € Agy, Ty() = yo(0?) € v(s°% 6') (or yo(0?) € v(0', 5*)).

Again if u,(s) changes sign along one of the arcs yo(s% 02), yq(0? L) (or
Yo(0", 6%), Y4(0% L)) then we can construct a curve I'5, along which u, = 0, which
starts on Ay, and ends at the corresponding arc, at a point ¢, etc. Since no two
terminal points of curves I'; can lie in the same flat interval, the process of
constructing curves I, must terminate. This implies that there is a curve, say I,
with T;(—o0) € Ag;, T;(0) = v¢(0)) such that s® <o; <s* and u,(s) =0 on
Yo(9;, s*). Consequently u,(s) < 0 on yy(o;, L) and u,(s) > 0 on y(s), 9)).

The argument following (4.3) now shows that ¢(x,) is monotone increasing for
0 < x; < 8 and monotone decreasing for § < x; < b, where I';(— ) = (5, ¢(9)).
This completes the proof (in case k£ = 1) and incidentally shows (since § must
coincide with B) that I'; must coincide with T, i.e. 0= o;.

Consider now the case of general k. Let B, (1 < j < N) be points of strict local
maximum for ¢(x,). Construct curves IV as in Lemma 3.4, which initiate at
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(B;» ¢(B)); each IV must terminate on y,, at some point yy(0) and I' N IV = & if
i #j (otherwise u, =0 on the boundary of some subdomain of E). Set M=
Yo(sp» 0)), T¥*! = yy(oy, L) and demote by D; the domain bounded by
IV, I/*1, vo(0;, 0;,,) and Ay, where A, is the part of A, from 8; to 8, ,.

In each yy(0;, 6;,,), 1 < j < N — 1, the sign of u,(s) cannot be fixed (otherwise ¢
would be monotone in (8, B;,,)); also it cannot happen that the sign will change
precisely once from plus to minus, for otherwise ¢(x,) would be increasing in some
interval ( 3;, Bj) and decreasing in the interval ( ,éj, B;+1) (by the proof of Theorem
2.1 in the special case of k = 1 given above, when applied to D;; notice that », = 0
on IV, [V*+1),

It follows that u,(s) changes sign from minus to plus in each interval (o), 0;,).
Finally, u,(s) cannot be < 0 in the entire interval (0, 0,) (otherwise ¢(x,;) would be
decreasing for 0 < x, < f8,) and similarly »,(s) cannot be > O in the entire interval
(0n+1» L). Thus, the number of sign changes of u,(s) along v, from plus to minus is
at least k. This completes the proof.

REMARK 1. If 3Q is C3? at V¥, then a Q-neighborhood of ¥, may be plastic.
Theorem 2.1 extends to this case too. In this case there may be a loop based on
S, U S,. The part of this loop which is based on S, is given by 0 < x, < ¢(x,),
0 < x; < by In (2.6), N, is the number of local maximum points of ¢(x,) where
0 < x, < b,

REMARK 2. If (7, #) are the polar coordinates about the origin, then the function
4y = X,u,, — x,u, is harmonic in every open set where Au = — u. One can then
show that all the results of Part I extend to the case where A is an arc on a circle
x? + x2 = R?and the functions d,(s), d,(s), u(s) are replaced by

dos) = o (f(s),  dls) = 25 (fls) + v(sIA(s))

%( f(s) + v(s)h(s)) respectively.
We need here the following geometric fact:
if dp(s°) < 0 then dy(s°) < 0. (4.9)
To prove it, let y° = f(s%), x° = f(s%) + »(s°)A(s%) € Q so that d(x% = |x° — 9.
Denote by 5, the direction of the tangent to dQ at y° which forms an acute angle
with the direction W; 0 the origin of the polar coordinates. Denote by o the ray

initiating at x° in the direction of &,. Then the angle ¢ between x% and 57' satisfies
7/2 < ¢ < . This implies that dy(s®) < 0. Similarly, dy(s®) > 0 implies dy(s% > 0.

PART II. GENERAL CORNERS

5. Loops based on a line segment. In Part II we allow some of the vertices V; to
be reentrant corners. In this section we shall generalize Theorem 2.1 and in the
next section we shall study the plastic set near a reentrant corner.

Let ¥V, be a reentrant corner and denote by S, (S, ,) the ray tangent to S, (S, ;)
at ¥, and by [, (/) the ray perpendicular to S(S,, ,) and pointing into Q. Denote
by 2, the angular region with opening < 7 formed by /,, /,. We introduce polar
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coordinates about ¥, so that S, is given by 6, S.,, is given by 6,,,, 6,,, >0,

0,y = a; + 0,. Then a; > 7, and Z, is given by
~ aT aT ~
0. =0, +E <0 <6, —550,._,_1

According to [3], if a; > 7 (i.e. V; is a strict reentrant corner) then there exists a
continuous positive function y(8), 0 <0<§ . +1> such that

{(r,0);0<r<v(0),0,<0<86.,,)cP (5.1

For each 8 € (4, 4., ,), set h*(§) = max{r; (r, ) € P}. Then, by (1.8), (1.10) it
follows that the nearest point on dQ to (h*(#), 8)) is V.

The free boundary in Q consists of two parts: the first part is given by
J(s) + v(s)h(s) with s 5 s;, h(s) > 0, and the second part consists of curves

r=h*0), 6§,<6<6,, (h*(9)>0)
around each strict reentrant corner. The set
{(r.0);0<r<h*0),6,<0<86,,}
is called a part-loop based on V;; it is called a loop based on V, if h*(§) =0

h*(,,,) = 0. By [4], h*(0) is analytic for §, <8 < §,,

The function u has bounded first derivatives in E, but they are not continuous at
the points ¥; which are strict reentrant corners. Nevertheless, the analysis of the
level curves I' where u, = 0 can be extended to the present case, by using the
following Phragmen-Lindelof type result [6].

Let D be a bounded domain in R? and let x° be a point of dD. Suppose there is a
line segment o such that 6 N D = & and x° belongs to the closure of 6. Let v be a
bounded harmonic function in D and let

v, = liminf o(x,y), v, = limsup o(x,y).

x€9D,x—>x° x€3D,x—x"

Then
v, < liminf o(x,y) < limsup o(x,y) <7y,

xE€D,x—x° xE€D,x—>x°

This result implies that I' cannot initiate and terminate at the same reentrant
corner; similarly, I cannot start on A, and terminate at ¥, (j = 1 orj = 0; see the
notation of §2) even when V is a reentrant corner, etc. Thus the proof of Lemmas
3.2-3.4 can be extended to the present case.

In order to extend Theorem 2.1 to the case where some of the V, are reentrant
corners, we still have to study the sign of the function 9d/dx, on the part-loops
based at strict reentrant corners V.

If S; U S;,, form a curve x, = I(x,) in a neighborhood of V,, then dd/dx, has a
fixed sign in a Q-neighborhood of ¥, as well as for x in the sector Z; (provided
d(x) |x — V). If S; U S;,, is not given by x;, = /(x,) then it must have the form

= [(x,). Suppose in this case that S, S;,, are not tangent to the x,-axis. Then
d,(s) changes sign at s = s5; (from negative to positive if x, is increasing with s
along 30, near V}). In =, we have the sanfe change of sign of dd/dx, from negative
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to positive as one crosses the ray /, which initiates at ¥V}, is parallel to the x,-axis
and is pointing into Q.

If $, or S, , is tangent to the x,-axis (and S, U S, cannot be written in the form
x; = l(x,)) then d,(s) may or may not change sign as one crosses s = s;, but the
same is true of dd/dx, in =, (as one crosses /).

We conclude that the change of sign of 9d/dx, along dE when the corresponding
nearest point of dQ varies in a neighborhood of a strict reentrant corner V; is the
same as the change of sign of d,(s) at s = s,. Thus, the number of changes of sign
of 3d/dx, along 9E \ A, is the same as the number of changes of sign of d,(s) as
described in §2. This is the content of Lemma 3.1.

The proof of Theorem 2.1 can now be extended with trivial changes to yield the
following.

THEOREM 5.1. Theorem 2.1 remains valid even when some of the vertices V; are
reentrant corners.

REMARK. Theorem 5.1 extends to the case where A is a circular arc (cf. Remark 2
at the end of §4).

6. Loops based on strict reentrant corners. Suppose V is a strict reentrant corner.
We introduce polar coordinates as in §5. The free boundary of the part-loop based
on V, is given by r = h*(0), §, < 8 < 6, ,. Denote by M, the number of points of
local maximum of this function.

Let

d(s) = (3d/30)(f(s) + v(s)h(s)) alongdQ
and let

k, = number of changes of the sign of d(s) from negative to
positive values, as f(s) moves along S;, ;, S; 42 - -+ 58, Spp -+ -5 Sie
THEOREM 6.1. M; < k,.

The proof is similar to the proof of Theorem 5.1 (cf. the remarks at the end of
§8§4, 5).

In [3] the free boundary was analyzed for some special domains having axis of
symmetry: regular polygons, cracked disc, and cross-shaped domain; the monoton-
icity of the free boundary was also derived. All these results can also be obtained
by using Theorems 2.1, 5.1 and 6.1. In fact, the present theorems can be applied to
much more general domains than in [3]. We consider, as an example, an L-shaped
domain

0=0,UQ, Q) = {(x, x2); —=b <x;<a,0<x,<c},
0, = {(x, x,); 0 <x, <a, —d <x,<0}.
Using Theorem 5.1 we find that on each side there is precisely one complete loop,
given by a graph with a unique point of maximum. There is also a loop based in
part at 0 = (0, 0) and given by r = h*(0) (0 < 8 < = /2); if h*(0) > 0 then the loop
extends to the region —b < x, < 0, and is given there by 0 < x, < ¢(x,) where
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¢(x,) is strictly monotone increasing for —a < x; < 0, (—a) = 0; a similar fact
holds for 8 = = /2. Finally, h*(0) (0 < 8 < w/2) has at most three points of local
maximum.

Consider next a 7-shaped domain Q. Using Theorems 2.1, 5.1 and 6.1 we find
that for each side of the boundary there exists at most one loop which is based on
this side. At each reentrant corner there is a part-loop based on it and A*(9)
(0 < 0 < 7 /2) has at most three points of local maximum. Since the T domain has
an axis of symmetry, say the x,-axis, we have u, = 0 along this axis. By applying
the proof of Theorems 2.1 and 5.1 in the part of the T lying in x, < 0 (x, > 0) we
find that there cannot actually be a loop which is supported by the side of the T
which is parallel to the x,-axis and which has the reentrant corner as an endpoint.

Numerical computations of the plasticity set for T-shaped domains are given in

(7).
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